Linearity and Shift Invariance
In the general case, system analysis is extremely complicated. It can be simplified, however, if the investigation is restricted to a particular type of imaging system having the properties of linearity and shift invariance.
(1) Linearity. Linearity is distinguished by two basic characteristics (Pfeiler, 1968; Rossmann, 1969; Metz and Doi, 1979) : (a) the output corresponding to a sum of inputs is equal to the sum of the outputs corresponding to the inputs acting separately, (b) multiplication of the input by a constant multiplies the output by the same constant.
When output is plotted versus input on a linear scale, this property will yield a straight line. Many imaging systems and their components do not satisfy this relationship, however. In some cases, including most screen-film systems, transfer function analysis can be applied to the effective system response, which is obtained by use of the input versus output relationship by conversion of the output level to the corresponding input level, which is called the effective input level; strictly speaking, the effective input level at the point in the object plane may not yield directly the output level at the corresponding point in the image plane. This operation is called linearization.
(2) Shift Invariance. Shift invariance requires that the image of a point source element retain its shape as the object point source element is moved in the object plane. This property is frequently called isoplanatism. This requirement is often not fulfilled in the entire image plane. In that case, the image plane can be decomposed into isoplanatic patches over each of which the shape of the point image does not vary appreciably. The shape of the point image, however, does vary from patch to patch. For the sake of clarity, the following discussion will be confined to systems which are isoplanatic as a whole. The conclusions reached, however, will be applicable within each isoplanatic patch in a system which is not isoplanatic as a whole.
Point Spread Function (PSF)
The isoplanatic property enables us to define a unique characteristic of the imaging system which is called the point spread function of the system and is defined as the radiant exposure distribution in the image of an infinitely small aperture (point source) radiating with unit radiant energy. In a perfect imaging system, the radiant energy emanating from a point source in the object plane would be concentrated at an infinitely small point in the image plane, the ideal image point. In practice, however, optical imperfections result in "smearing-out" the energy around the ideal image point and, therefore, in unsharp imaging of the point source. The PSF provides a measure of this unsharpness. For simplicity, the magnification from the object plane to the image plane is assumed to be unity. In Figure 3 .1, the unit point source is shown as an arrow standing on the object plane, and the PSF as a "hump" on the image plane. As indicated schematically in (a) in Figure 3 .1, the PSF is rotationally asymmetric in general. For certain systems, however, the PSF possesses rotational symmetry, as shown in (b) in Figure 3 .1. Systems of this type are called isotropic. The isotropic property permits a simplified description of the transfer characteristics of the system which will be discussed in Section 3.3. From the above, it is apparent that the PSF is a transfer characteristic of the system in that it provides a unique relationship between a unit point source input and the corresponding output.
Direct measurement of the PSF is generally difficult for two reasons. First, if a point source is to be approximated, the aperture must be made much smaller than the size of the PSF. This condition causes the input radiant energy to the imaging system to be very low. Second, measurement of the resulting distribution in the image plane requires scanning with a small aper- ture exactly through the center of the distribution; this causes alignment difficulties. These experimental problems which cause inaccurate results can be overcome by measurement of another transfer characteristic of the system from which the PSF can be calculated.
Line Spread Function (LSF)
For linear, isoplanatic imaging systems, a second transfer characteristic can be defined. This is the line spread function, which is the radiant exposure distribution in the image of an infinitely narrow and infinitely long slit (line source) of unit radiant energy per unit length. In a perfect imaging system, the radiant energy emanating from a line source in the object plane would be concentrated in a line in the image plane. In practical systems, however, optical imperfections result in a "smearing-out" of the energy around the ideal line image and, therefore, in unsharp imaging of the line source, as shown in Figure 3 .2. The LSF
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Object plane provides a measure of this unsharpness. It will be shown later that the LSF is a system transfer characteristic in that it provides a unique relationship between a certain class of arbitrary inputs and the corresponding outputs.
In practice, the LSF is measured by approximation of a line source with a slit which is narrow and long relative to the size of the PSF, and by scanning the resulting output (the slit image) with a narrow slit aligned with the image of the input slit. This experimental approach eliminates difficulties associated with direct measurement of the PSF. Determining the PSF from the measured LSF, however, is no simple matter. This is because the LSF is a one-dimensional function obtained from a rectilinear scan of a onedimensional image distribution, whereas the PSF is two-dimensional. This can be explained in terms of the relationship between the two functions.
It can be shown mathematically (see Appendix A) that the direct measurement of the LSF as described above is equivalent to scanning the PSF with a slit which is narrow and long relative to the size of the PSF. Since the PSF is often asymmetric, as indicated in (a) in Figure 3 .1, the shape of the LSF depends on the direction in which the PSF is scanned. For the calculation of the PSF, the LSF corresponding to all possible orientations of the scanning slit must be known (Marchand, 1965) . In terms of the measurement of the LSF, this means that the line source must be placed in all possible orientations in the object plane. Matters are simplified considerably when the imaging system is isotropic (Marchand, 1964) . In that case, the PSF is rotationally symmetric, as indicated in (b) in Figure 3 .1, and the shape of the LSF is independent of the orientation of the line source in the object plane and is also symmetric. Thus, ifthe system is isotropic, one measurement of the LSF suffices for the calculation of the PSF.
Convolution
It will now be shown that the PSF is of much broader significance for linear, isoplanatic systems. From the first property associated with system linearity described in Section 3.1 it follows that, if an arbitrary number of unit point sources is located in the object plane, each of them will be imaged independently of the others as a PSF in the image plane. The total image of all unit point sources is then simply the sum of all corresponding PSFs over the image plane. This is known as the superposition principle of linear imaging.
From the second property of linear systems it follows that, ifthe radiant energy of a unit point source is multiplied by some constant, then the corresponding PSF will be multiplied by the same constant. This property, in conjunction with the superposition principle, leads to the conclusion that, if the input consists of a field of point sources of arbitrary radiant energy, the output, or the total image of the field of point sources is simply the sum of the corresponding PSFs, each multiplied by the appropriate constant to take account of the radiant energy of the corresponding point source. Figure 3 .3 illustrates this phenomonen for two point sources.
It is conceptually not difficult to extend the case of a finite number of point sources to the practical case of a continuous, two-dimensional object which can be considered as an aggregate of an infinite number of point sources of different radiant energies. The image of each point in the object is the PSF multiplied by an appropriate constant (the weighting factor), and the total image is the sum of all the point images. Thus, from a knowledge of the input radiant energy distribution in the object plane and of the system PSF, the output radiant exposure distribution in the image plane can be determined. Therefore, the PSF is a general transfer characteristic of linear, isoplanatic imaging systems. The mathematical operation of multiplying each point in the object distribution by the system PSF and summing over the entire object distribution is known as convolution of the input with the PSF.
Since the PSF is a unique characteristic ofisoplanatic, linear imaging systems, the LSF is also a unique system characteristic for any one orientation of the line source relative to anisotropic systems, or for any orientation relative to isotropic systems. Therefore, an input consisting of a field of line sources of arbitrary radiant energy will result in an output which is the sum of the corresponding LSFs, each multiplied by the appropriate weighting factor. Figure 3 .4 illustrates this for two line sources. If the input is a continuous object over which the radiant energy per unit length varies in one dimension only, such as a straight-edge or a bar pattern, the object can be considered as an aggregate of an infinite number of line sources of different radiant energies. The corresponding output is calculated by multiplication of each line source in the object distribution by the system LSF and summing over the entire object distribution. This one-dimensional convolution operation is illustrated in Figure 3 .5. Therefore, the LSF is a transfer characteristic of linear, isoplanatic imaging systems for the special case of onedimensional inputs.
It must be emphasized that the LSF does not serve as a shortcut to reduce a two-dimensional transfer problem to a one-dimensional one. To describe the transfer of two-dimensional inputs, the PSF is needed; the LSF is merely an accurate experimental tool for the determination of the PSF. The LSF leads to a simplification of the overall problem only in the case of one-dimensional inputs. Even in this case, the twodimensional character of the imaging system cannot be ignored entirely when the system is anisotropic. The slit which is used to measure the LSF must be oriented in the same direction relative to the imaging system as that of the constant one-dimensional object. Only in the study of isotropic systems can the orientation of the object be ignored.
Modulation Transfer Function (MTF)
In the foregoing sections, two methods of describing the optical transfer characteristics of imaging systems have been discussed. It was seen that the output resulting from an arbitrary, two-dimensional input can be predicted by means of the system PSF. Similarly, the system LSF can be used directly to predict the output corresponding to an arbitrary, one-dimensional input. The great utility of these concepts derives from the fact that the study of the transmission of complex object distributions is reduced to the study of the transmission of very simple distributions; a point source or a line source. Once the relatively uncomplicated experiments to measure the transmission of these simple object distributions have been carried out on a given system, the transmission of any conceivable object distribution can be calculated.
In this context it is particularly useful to study the transmission of a third simple object distribution in which the radiant energy per unit length varies sinusoidally with distance. The solid curves in Figure 3 .6 depict two such distributions having different spatial frequencies which is usually measured in mm-1 . The distribution is considered stationary in time and space, just like the line pattern in a resolution chart which is often described as having a certain number of line pairs (bar and space) per millimeter. When such a sinusoidal distribution is imaged by means of a linear, isoplanatic system of unit magnification, the corresponding image distribution will also be sinusoidal, with the same spatial frequency as that of the object distribution. The optical imperfections of the system, however, will cause the amplitude of the image distribution to be reduced, and the distribution as a whole will be shifted laterally relative to the object distribution, as shown by the broken curves in Figure 3 .6. The reduced amplitude indicates a loss of resolution in the system, and the lateral shift is described as a phase shift. It is customary to characterize the sinusoidal distribution in terms of its modulation rather than its amplitude. Modulation is defined as the ratio of the amplitude to the average value of the distribution; in image analysis, it has frequently been called contrast.
In practical measurements, several sinusoidal distributions with identical modulations but different spatial frequencies are introduced in the object plane. The modulation and phase shift of each is measured in the image plane. These parameters will vary with the spatial frequency. The ratio of the output modulation to the input modulation together with the phase shift, when expressed as a function of spatial frequency, is called the optical transfer function, OTF, of the system (Ingelstam, 1961) . The ratio of the output modulation to the input modulation alone is called the modulation transfer factor; when expressed as a function of spatial frequency, it is called the modulation transfer function, MTF, of the system. In mathematical terms, the MTF is the absolute value of the OTF. For a complete description of the transfer of sinusoidal inputs through anisotropic and asymmetric systems, the OTF is required, since a phase shift occurs generally in these systems. In isotropic systems, the phase shift is usually zero, so that the MTF completely describes the transfer of sinusoidal inputs. For the sake of simplicity, the following discussion will be confined primarily to the MTF.
Fourier Spectrum
The mere fact that the MTF provides a description of the imaging of sinusoidal distributions is not sufficient reason for introducing it in image analysis, since the same can be done by convolution of the sinusoidal distribution with the system LSF. The great significance of the MTF lies in the fundamentally different manner in which it describes the transfer of sinusoidal inputs. It will be recalled that the calculation of the output from the input by means of the PSF or LSF proceeds from a point-by-point knowledge of the radiant energy distribution in the object plane. Convolution of the object distribution with the PSF or LSF results in a point-by-point description of the radiant exposure distribution in the image plane. In other words, the PSFs and LSFs are transfer characteristics of the system in the spatial domain. Calculation of the output from the input sinusoidal distribution by means of the MTF, on the other hand, proceeds from knowledge of the modulation and spatial frequency of the input. Multiplication of the input modulation by the system's MTF gives the resulting modulation of the output having the same spatial frequency. Thus, the MTF describes the transfer of sinusoidal inputs in the spatial frequency domain. The mathematically complicated convolution operation in the spatial domain is thus replaced by simple multiplication in the spatial frequency domain. It will now be shown that the MTF also provides a unique relationship between arbitrary, not necessarily sinusoidal inputs and the corresponding outputs, which makes it a general system transfer characteristic.
It is well known (Bracewell, 1965 ) that most nonperiodic variations of a signal in time or in space (sound, light, etc.) can be represented as the sum of an infinite number of sinusoidal component signals of different amplitudes and frequencies. The mathematical process for accomplishing this harmonic analysis is called Fourier transformation. Plots of the amplitudes and phases of the component signals as a function of frequency are known as the Fourier spectrum (or Fourier transform) of the original signal. Figure 3.7 shows an example of a signal and the amplitude spectrum of its Fourier transform. This particular signal is the input to a radiographic imaging system (Rossmann, 1969) . In principle, describing the input as a radiant energy distribution in the spatial domain and as a Fourier spectrum in the frequency domain is analogous to describing it in two different languages. The two descriptions are equally valid and comprehensive, and the Fourier transformation is the means for translating from one language to the other (Appendix A). For example, in Figure 3 . 7 the width of the input in the spatial domain translates into the magnitude of the amplitudes at high frequencies or, simply, the highfrequency content in the frequency domain. Similarly, the study of the transfer of distributions in the spatial domain becomes a study of the transfer of amplitude spectra in the frequency domain. Since the MTF describes the transfer of sinusoidal inputs in the frequency domain, it also describes the transfer of amplitude spectra. Therefore, the MTF is a general transfer characteristic of linear, isoplanatic, isotropic systems in the frequency domain, linking arbitrary inputs with the corresponding outputs. By the same reasoning, for anisotropic and asymmetric systems the OTF is a general transfer characteristic. Therefore, just as in the case of the PSF and LSF, the introduction of the OTF and MTF has reduced the study of the transmission of complicated inputs to the study of the transmission of very simple inputs, namely, sinusoidal distributions. In the language of the frequency domain, imaging systems are often called filters of spatial frequencies. Figure 3 .8 summarizes the transfer characteristics of imaging systems in the spatial domain and in the spatial frequency domain which have been discussed. Fig. 3.7 . Two equivalent methods of describing a signal: (a) x-ray pattern of a blood vessel; (b) corresponding amplitude spectrum (Rossmann, 1969 ) . The amplitude spectrum indicates the frequency content of the x-ray pattern (signal distribution), which generally includes more low frequency components. Since the spatial frequency is related inversely to the distance, the smaller the size of the x-ray pattern, the greater the frequency content of the amplitude spectrum becomes. When the signal is recorded by a screen-film system, the high frequency content of the amplitude spectrum is reduced due to the MTF of the system, which corresponds to the degradation in image sharpness. Sinusoidal test patterns were first used as inputs for evaluating optical systems in the late 1930s (Goodman, 1968 ). Much of the initial stimulus was supplied by the French scientist P. M. Duffieux, who is often credited as being the founder of the subject now called Fourier optics and the first to use the notion of spatial frequency (Duffieux, 1946 (Duffieux, , 1983 . In the United States, much of the interest in these concepts was generated by the work of Otto Schade who used them in the analysis and improvement of television camera lenses (Schade, 1948) . Schade's work demonstrated the naturalness of describing the performance characteristics of electronic and photographic imaging systems in the common language of communications engineering. Nevertheless, these concepts took decades to take hold due, in part, to some investigators not obtaining consistent results when corrections for measuring systems were neglected (Schade, 1964 (Schade, , 1975 .
SPATIAL DOMAIN
To complete the equivalence of the spatial and frequency domains, the counterpart of the OTF in the spatial domain is the PSF, since one can be calculated from the other by a two-dimensional Fourier transform. Thus, the OTF is two-dimensional in the frequency domain and is rotationally asymmetric for anisotropic systems. This means that, if one-dimensional sinusoidal inputs are used to measure the transfer characteristics of anisotropic systems, they must be placed in all possible orientations in the object plane to yield the complete, two-dimensional OTF. When the system is isotropic, the MTF is rotationally symmetric and the orientation of the sinusoidal input is immaterial. In this case, the MTF is usually plotted in one dimension only.
For situations in which it is difficult to generate sinusoidal inputs, e.g., x-ray inputs, it is of great experimental significance that the MTF along a certain direction can be calculated by a one-dimensional Fourier transform from the LSF measured by means of a line source oriented perpendicular to that direction (Doi et al., 1982) . In the case of isotropic systems, the orientation of the line source is immaterial, and the general modulation transfer characteristics of the system can be calculated simply from the LSF by a onedimensional Fourier transformation (Pfeiler, 1970) . As in the spatial domain, this apparent reduction of a two-dimensional to a one-dimensional problem should not be misinterpreted. To analyze the transfer of twodimensional input signals which are described by twodimensional amplitude spectra in the frequency domain, the two-dimensional MTF is needed. Only in the case of one-dimensional input signal is the onedimensional MTF sufficient to relate the output to the input signal.
